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CARDINAL HERMITE SPLINE INTERPOLATION:
CONVERGENCE AS THE DEGREE TENDS TO INFINITY(")

BY
M. J. MARSDEN AND S. D. RIEMENSCHNEIDER

ABSTRACT. Let §,,,, denote the class of cardinal Hermite splines of degree
2m — 1 having knots of multiplicity » at the integers. For f(x) € C"~}(R),
the cardinal Hermite spline interpolant to f(x) is the unique element of §,,,,
which interpolates f(x) and its first » — 1 derivatives at the integers. For
y=0%...,y"") an r-tuple of doubly-infinite sequences, the cardinal
Hermite spline interpolant to y is the unique S(x) € §,,,, satisfying S“)(»)
=yS s=0,1,...,r— 1, and » an integer.

The following results are proved: If f(x) is a function of exponential type
less than rm, then the derivatives of the cardinal Hermite spline interpolants
to f(x) converge uniformly to the respective derivatives of f(x) as m — co.
For functions from more general, but related, classes, weaker results hold. If
» is an r-tuple of /” sequences, then the cardinal Hermite spline interpolants
to y converge to W,(y), a certain generalization of the Whittaker cardinal
series which lies in the Sobolev space W?*~!(R). This convergence is in the
Sobolev norm.

The class of all such W,(y) is characterized. For small values of 7, the
explicit forms of W,(y) are described.

Let r and m be natural numbers such that r < m, and let §,,,, denote the
class of functions, S(x), satisfying: S (x) is a polynomial of degree 2m — 1 on
each interval [», » + 1], » € Z; and S(x) € C?*"~"~'(R). That is, S,,,, is the
class of spline functions of degree 2m — 1 with knots at the integers of
multiplicity r.

Given an r-tuple of sequences, (% ...,y "), y*={y5: v €EZ}, the
cardinal Hermite interpolation problem is to find an (unique) element S(x)
€ Sy, such that SO(») = y5,5s=0,1,...,r — 1,and » € Z. P. Lipow and
L. J. Schoenberg [4] established that if the sequences are of power growth, i.e.
¥, = 0(|»|") as |v| - oo, then there is a unique spline S(x) € §,,, that solves
the interpolation problem and is of power growth, |S(x)| = O0(|x|") as |x| >
0. Moreover, this spline is given by the formula
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Q) By )®= S S yiLama(x — )

s=0 v€Z

where the fundamental splines L,,, (x) are the unique bounded splines
determined by L{), . (0) = 8,,, and LE), (») =0,»#0,p=0,1,...,r -
L.
If I ® - - - @, I? denotes the Banach space of r-tuples, (%, ...,y "), of
I? sequences with norm Z || y*||,»» and W?"~}(R) denotes the Sobolev space
of functions f for which f©~2 is absolutely continuous and f© € L”(R),
s=0,...,r—1, with the norm || f||,,—; = /|| », then Lipow and
Schoenberg [4] have shown that £,,, is a linear operator from /?
D--- D, PtoWwP \R),1 < p< +o0.

The purpose of the present paper is to study the following convergence
problems: (1) For what suitably restricted class of functions do the cardinal
Hermite splines interpolating any one of the functions and its derivatives to
order r — 1 at the integers converge to the function as the degree tends to
infinity, and in what sense is the convergence? (2) What is the behaviour of
the operators £,,, as a sequence of mappings from # @ --- &,/ to
WP =1, and what is the description of the limiting operator if one exists?

In the case of single knots (r = 1), these and similar problems have been
studied by a number of authors (2], [5], [6], [9H19]). In the monograph [15,
p. 107], Schoenberg raises the question as to the existence of a comprehensive
theory that would cover the various known cases of convergence (r = 1). The
Fourier transform approach employed in [6] and [13] provides a method
which yields most of the analogous convergence results for the multiple knot
case.

The method requires the study of the Fourier transforms of fundamental
splines. Recently, S. L. Lee [3] has established the representation

©02) Lopys(%) = -(% f_’:: Hopys (w)e™ du,

where H,,,, . (4) = H, (a,,(¥)/H,(ay,(4)), with H,(a,) being the Hankel
determinant defined by

a, ®y tte Oy rtl

Ay Q2 " O,
Ha)=|: - b

Cprs1 Oy &y _2r+2

a,(4) = 2 cz(u + 27k)™", and H, (,,,(w)) is formed from H,(a,,(u)) by

replacing the (s + 1)st column by the column vector (u~2",
u—2m+l’ cees u—2m+r—l)1'.
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In §1, we find another representation for H,,, . (u) and discuss properties
that may be deduced from this representation. In §2, we discuss the limit of
H,, ,.(u) as m— oo, the nature of the convergence, and some identities
satisfied by the limit function. Because of the nature of H,,,, (u), the proofs
in both sections are technically involved but elementary. For this reason, the
proofs are fairly detailed until our methods are established. The reader should
reflect on the representation and the assertions since the course of action is
far more obvious than the calculations.

The hard work necessary for the convergence theorems is done in the first
two sections and the remainder of the paper is devoted to applications of
these results in methods largely developed elsewhere. In §3, we obtain the
answer to question (1) above for functions which are Fourier-Stieltjes trans-
forms of measures on [—r7, r7) and uniform convergence. Some additional
results are obtained when the functions are Fourier transforms of certain
distributions with support in (—rx, rr) and the convergence is uniform on
bounded subsets of R.

The fourth section completely answers the second question above when
1 < p < + . As a consequence, the first question is answered by specifying
the class of functions in the Sobolev space W?”~!(R) for which the conver-
gence is in the W#"~!(R) norm, 1 < p < 0. The final section is devoted to
some examples.

Some of these results were presented at the Symposium on Approximation
Theory at Austin in January 1976 (see [8]).

1. Properties of H,,,, ,(u). The first results are technical lemmas that make
the dominant terms of H,,, , () more visible.

Let V(ay, ..., a,) =1l ¢jckcn(a — @) denote the Vandermonde of
a,...,a,

LEMMA L.1. If u/2x is not an integer, then

Hr (dZm(u))
e v, . .., 1)

= 2 2m
;)

<< <i Igge(u + 2mi

PROOF. Let F(iy, ..., 4) = I ;¢ (u + 27y~ Let P(i, ..., i,) be an
arbitrary permutation of iy, ..., i, Let o(P) = +1 (=1) if P is even (odd).
Let Zp,...,.)f(P) be the summation of f(P(iy,...,4i)) over all
permutations of iy, . . ., i,.

From the representation (0.2),
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1 1
u + 2mi; u + 2mi,

(u+2mi))y™" oo (u2m) !

Hr(aZm(u)) = . 2

ineend (0 2m)2 ™+ 22 (u o 2mi )
V(u+2my,...,u+2m)F(@,...,i)
feeri (0 F 20027 (w4 2w, - e (u+ 2w )"
Qo) V(i .. i)F (@i ... i)
iy (4 F 2002 (u 4 20, - - - (u+ 2w

.y e [ 5 V(P)F(P)]

il< .« Hl(_/(r(u + 2”{})2"' P(ilr---rir)
2 (Zﬂ)r(r_l)/zy(il, ceey i’) [
W< <, H](j(r(u +27Tij)2m

en) vy, . .., i)
)2m

A

s o(P)F(P)]

P(iyy.eeriy)

= 2

i< <ip Igjeu + 2

r(r=1) . .
- s (27) Vi(iy--.\i)
<<y Iggelu+ Zm’j)zm

V(u+2miy,...,u+2m,)

Before deriving similar expressions for H, (a,, (1)) and H,, , (u), it is
convenient to introduce some notation:

L1 ! = I(u) and x = x(u) will be given by the constraints: 2/ + r
(1) s an odd integer and — 1 < x = (u — 2al)/27 < 1.

(i) will denote an arbitrary set i),...,i of integers or
half-odd-integers satisfying: 2i; + r is an odd integer for
jeloo i << s <ighyy=hig,<---<
i,; and all j; are distinct.

(1.2)

k will denote an arbitrary set k,,..., k, of integers or
(1.3)  half-odd integers satisfying: 2k; + r is an odd integer for
J=1...,randk; <:---k,.

a4 1 will denote the set n;, ,, . . ., 0, satisfying n; =j — (r +
/2forj=1,...,r.
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V)= V(@i,...,5) V@ =V(3i,...,i), V(i) =
(15)  V0iyag o i), V()= V(kp ..., k) V()=
V(nl) e ey T’r)'

By 2, we shall mean summation over all r-tuples (i) = (i}, . . ., i,) of the
type described in (1.2). By 2, we shall mean summation over all r-tuples
k = (k,, ..., k) of the type described in (1.3).

Our choice of (i), k, 1, and / as sets of integers (half-odd-integers) when r is
odd (even) is ultimately dictated by the fact that

Qr,: (u) = ”;l_lgo H 2m,r,s (u)

is itself a Hermite spline with knot intervals of length 27 centered at integer
(half-odd-integer) multiples of 27 when r is odd (even). For the present,
however, this choice is a convenience which simplifies the proofs of Lemmas
1.4 and 1.5 below.

Finally, the statement (i) = k will mean that (i) satisfies (1.2), k satisfies
(1.3), and that (i) and k are equal when considered as unordered sets. The
statement (/) # k will mean that at least one element is different. A similar
definition applies when 7 is compared with (i) or k.

LEMMA 1.2. If u/2 is not an integer, then

Hr.s (a2m(u))

=3 Qn)'V i)V, )V, (i)

) Tigjcser(u — 20l + 2m'j)2mH,+2<j<, u — 2ml + 2mi;

)Zm—:—l

where
t=[r—r+s*—s+(r—s—1)(r—s-2)]/2

ProoF. For a given (i), let P, denote an arbitrary permutation of iy, .. . , i,
let P, denote an arbitrary permutation of i, o, . . ., i, let 6(P;) and a(P,) be
their respective parities, and let 3, , denote summation over all such pairs P,
and P,. Let 3, denote summation over all r-tuples like those described in
(1.2) except that i, , = O instead of i,,, = / and each i; is an integer.

From the representation (0.2) and minor changes in the proof of Lemma
1.1,
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Qr " V(.. 0)

o W (a4 2 P (u o+ 2w e (w4 2 )2
'l"'l-o
=3 @Y PV ()F iy -y i) F (a5 )
+\2 \2m—-s—1
ool Mg jcost(® + 275) "z e (8 + 2) "
1™

@ny"5,,V (P, 0, P)F(P,)F(P,)

+\2 .\2m—s—1
(i,0) II|<]<_,+|(“ + 27"1) mH,+2<j<,(u + 27({1) :

@7V (i)S,, o(Py)F (P, )o(P,)F(P,)

2 2m—s—1
0 Tigjcoar(u +2m0) "0 < (4 + 2m0)

oYYV (u + 2miy .y u o+ 20V (U + 2Ty, o, u o+ 2mE)
2m=-s—1

=2

.\2 .
@i,0) H|<j<,+|(“ + 27”1) mH,+2<j<,(u + 2'lflj

R0V (V. () V()
@0 Iigjeer(u+ 24171})2"'11”2< j<r(u + 2mi;

)2m—:—l :

The result follows from the replacement i; — i; — I where / is the integer or
half-odd-integer described in (1.1). [J
Lemmas 1.1 and 1.2 give the following representation:

PROPOSITION 1.3. Let k be described by (1.3). For any u € R, let I, x, and (i)
be described by (1.1) and (1.2). Then

(1.6)

Hyp . (4)
2(")(V(i) Vi@V2 (i) /Mg jgsar(* + ij)zmH,.,KjQ x+ 1;.)2"'_"—')
@n)'Sy(V2 (k)/Mic e + k)™

In (1.6), we assume that the singularities at u = 0, * 27, + 4m,... have
been removed. Since m > r, the series converge uniformly and H,,,, .(u) is a
continuous function.

LEMMA 1.4. As m — o0, H,,, (1) = O (min(l, (rr/u)*™).

ProOF. By deleting (positive) terms in the dominator of (1.6), we have
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(1.7)
HZm 1S (“)

2<'>(|V(')| Vi ()2 (/Mg jqoer( + i) uagserlx + if2m71)
@2m)'V? (11)11,< ,<,(x + )"

(x+11j)
G+i)

=W, (xi) Il

) 1<j<r

where 7 is given by (1.4) and

Ix_'_‘:ils-l-l
Wamd=lvamone I - ohme
s+2<j<r &7

« . . . s+1
<v@Om@G I g+
s+2<j<r
The right side of (1.8) is a polynomial expression of degree < 2r — 2 in each
i; whose coefficients are independent of m.
For each (i) entering the above sum, let P (i) = { P,(i), Py(i), . .., P,(i)} be
the permutation of (i) satisfying
[x + P (i) < |x + Py(i)] < - -+ < |x+ P,(i)
Similarly, let Q(n) = (Q,(n), ..., Q,(n)) order the |x + 7. Setting S =
P~1Q, we have

(1.8)

|, ()] < IZ W, (x i) II

1<j<r

ICZDR
In view of our choice of S and the fact that 7 is “closest” to —x,
I(x + S;(n))/ (x + i) <1 forallj.
In addition, if |j]| > (r — 1)/2,
I(x + S )/ (x + D) < @/2/1i + 51 < (+/ @3 - 1))-

(x + S;(n)) ]2»:

Thus,
9 |(x+ S(m)/ (x + )| < min(L, |7/ 23] - 1)) = a,(;).
The above discussion will be referred to as the “pairing argument” in the
sequel.
Combining equations (1.7), (1.8) and (1.9) gives

IHM,,,(u>|<2 W, (xi) I [aG)]"
(LIO) 1<j<r

LACDRILIV T

1<j<r
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since m > r. Thus, H,,,, (4) = O(1) as m — oo.
Now, suppose that |u| > rr. Then

x+ 8,.1(n) _ x+ Si41(n) r/2 | re
X+ i, x+1 u/2n —l u |
so that
2m . 12m
Homes @) < (Z)"S Waei) T [a5)]
(1 ll) ) J#s+1

< Cr.2 (m/u)zm
form > r, as before. [J

LeMMA 15. Forp=0,1,...,r—1,

Var(uH,,,,, (4)) = f:o I -a;iu (wHop, s (1))

asm-— Q.

du = 0(1)

PrOOF. From the product rule and Lemma 1.4,
Var(uHy,,,,,(0)) < O(1) + [ [u2Hj,,,. ()] du.

For u/x & Z, we differentiate (1.6) to obtain

(1.12)
. HZ,m,rJ(u)
S5 4014 (i)Vz(i)Vz(k)Cm',‘_,(x, i, k)
(i) ~k m \2m—s—
_ Micjcont (x + i) "ouagsr (x + 5)°"° Tcjr (x + k)™
2
Vi(k
Qn)*'| 2, ) zm]
Iigjcdx + k)
where
C i k) = —2m
,,,,_,(x, i, k) = 2 x4
(l 13) 14j<s+1 J
: + 2 s+1-2m + 2m
s+2<j<r x+ij 1<j<r x+kf

arises from the terms of H,H;, — H/H, ,.
When (i) = k as sets, the m-dependence in C,,(x,i, k) cancels by
subtraction. In fact,
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Core(m iRl < 3 21 1
(1.14) s+2<j<r Ix + i
' lil + 1
<E+0)r-s-1) [ —Fr.
( )( s+2<j<r IX + IJI

When (i) # k as sets, we take advantage of whatever cancellation does occur
to get
(1.15)
|Conrs (%5, K))|
amrll ¢ [ (1] + 1)K+ 1)]
Migjconl® + i eagscrlx + illlagscrlx + kI

where |x + i|*V =1 if j €k and |x +i|*V=|x+i| if i & k. The
expression |x + k;|*" is similarly interpreted. Then

<

(1.16)
| Hs o (4)]
<SS P, (i, )L jer(x + ’71.‘)4'"":_(:')*('")
() k Hl<j<s+l|x + §|2M(+')H:+2<j<r|x + 'jlzm :Hl<j<r|x + kjlz'"(ﬂ)

where g, (m)=1 if ())=k as sets and ¢;,(m) = m, otherwise, and
P,.(i, k) is a polynomial of degree < 2r—1 in each i; and k; whose
coefficients do not depend on m .

For |u| > rn, the pairing argument which produced (1.11) can be applied to
(1.16) to give

|uPHj;,,, ()| < O()m(rr/u)’" " asm— oo

so that the integral for |u| > rr is bounded for sufficiently large m.

For |u| < rm, u? = O(1). Now, we integrate over each of the r intervals
Ral—m2al+ a7, I=(1-0/2,3-1/2,...,(r — 1)/2. On the right-
hand side of (1.16), m does not occur in the finite number of terms for which
(1) = k = 7 as sets so that the integral over these terms is O(1) as m — oo.
For each of the other terms, choose B € (i) U & so that | 8] > (r + 1)/2.
Now perform the pairing arguments except that the pairing for 8 is now
majorized by

[a.(B))" (/2% + BIY"<[a(B)]"[r/ @x + r + 1)]”
(see (1.9). As in (1.10), the sum is bounded by O(1)- m[r/Q2x + r + 1)]" as
m — oo. The boundedness of the integral over |x| < 1 follows. []
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2. The limit of the H,, . (). Next we consider the limit function for
H,, ,.(u) and the nature of the convergence. After the arguments of the
preceding lemmas, the limit is now transparent.

DEFINITION 2.1. Let n = {n;} be as described in statement (1.4), and let
(i) = 7 mean that the indices agree as unordered sets. For 0 < |x]| <3,
27x = u — 2q7l,

. =@n~ T VOROROrEm I (+ iy
()=n s+2<j<r

and
Q. (2m; + =) =[Q,,,(21mj +7+0)+ Q, ,(2m; + 7 — 0)]/2,

Jj=01...,r(ng=—(r+1)/2).
Observe that the sum is vacuous if / is not in the set 9. Thus, Q, ;(u) = 0 for
|u] > rm.

PROPOSITION 2.2. The relation
lim H,, . (4)= 0, (u)

m-—o0
holds for all u. Moreover, the convergence is uniform outside any neighbourhood
of the points 2my; + 7,j =0,1,...,r

ProOF. By Lemma 1.4, the conclusion holds if |u| > rr. For |u| < rm,
u#2m;+7(=01,...,r),astraightforward computation gives

(2°l) (277)3(H2m,r,s (u) - Qr,s (u)) = (Nl - N2 )/D

where

Ny= 2 VOVi(@)V()V?(n)

()#*n
22) x+ S\
. +i s+1 ___J___ ,
s+21;Ij<r (x 5) 1<IJI<’ ( x+ y )
= 3 VOV @0r k)
N
: s+1 x + §;(n) )2'”
s+2I<Ij<r( ok ) 1<l;[<’ ( x+ 19
and

S 2m
24 D= V‘(n)+2 vk 1l (ii-—’(—"))

1<j<r x+k/
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We employ the notation in the right-hand products to indicate that the
pairing argument has taken place in each term.

Now, all || < (r — 1)/2 and, in each term of N, (N,), there is a largest |i|
(k) > (r + 1)/2. Thus, if 0 < |x| <  —¢, then, as in the last step of the
proof of Lemma 1.5,

@) (x+ 5)/ (x + )P <[4,)]"[(r - 20)/ (r + 26)]"

for that largest |i| (similarly for the largest |k;|). Then we easily obtain
s m
@8) (27 (Homps(4) = Qs () = O([(r = 26)/ (r + 26) ")

asm— + 0.

For a point of the formu =2m; + 7 (j =0, 1,.. ., r), observe that there
are now two equal dominant terms corresponding to 7 and n — 1 = {n; —
1:j=1,...,r}). The restriction (i) # n in N, becomes (i) # n and (i) # 9
— 1, which implies that in each term there is an i, such that |x + i| = |3 +i]
> (r +2)/2. In N,, the restriction is (i) =n or () =n—1 and k#1,
k #n — 1, insuring the existence of a k; such that |x + k| > (r + 2)/2.
Therefore, the statement corresponding to (2.5) includes [r/(r + 2)I", so that
@DisO(r/(r+21". O

We exhibited (2.1) explicitly since we want to carry over the convergence to
derivatives.

PROPOSITION 2.3. For each integer p > 0, the relation
Jim HE), (u) = 0¥ (u)

holds for all u # 2my; + m,j =0, 1, ..., r. The convergence is uniform outside
any neighbourhood of the points 2my; + w. Moreover, for |u| > rr,

H®  (u) = O(mP(rm/u)™) as m— +oo.

Proor. The proof is necessarily technically involved. So, given that the
pairing arguments and the arguments of the last proof are well established, we
indicate how they can be used for this proof.

Consider a function of the form

_ (x + )"
Y(a, B) = l<IjI<r (x + 9)2m I
Clearly,
&(a, B
(:x ) = 2 [(2m - a,,)y(a + 8/.‘7,,3) - (Zm - By)y(a’ﬂ - 81'-7)]

1<y<r

where §;, is the Kronecker 8 function. Since this is a combination of
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functions of a similar type, an induction argument yields

y(P)(a’ B) = EB P(m, af’ Bl)y(ar’ Br)
o B
where the sum is finite ((2r)* terms) and P(m, o', B’) is a polynomial of
degree p in m.
Applying this argument to the terms of N, in (1.18) and then applying our
previous arguments, we obtain

@7 N@= 0(m?[(r = 2¢)/ (r + 2¢)])
asm— +oo for Ju| < rrand 0 < |x| <3 —¢, and
(2.8) NP = 0(m?(rn/u)")

as m — oo for |u| > rr. Statements (2.7) and (2.8) are equally valid for N, in
(2.3) and D in (2.4).

Now, setting
(2.9 R=(N,—- N,)/D, N=RD,
Leibniz’s rule gives
R® = NO _ 2 (z,)R(p-p')D(p’) — p®

0<p'<p
= O(m?[(r — 2¢)/ (r + 26)]")
asm — oo for |u| < rm,0 < |x| <1 —¢, and
R® = O(m(rn/u)™)
as m — oo for |u| > rr by an induction argument. []
We now give an alternate representation for Q, (u). This will make it

possible to prove an identity useful in identifying the convergence class for
cardinal Hermite spline interpolation.

LEMMA 24. If (u — rm)/2m is not an integer,
(2.10)
0,5 (4)

-5 j—1
Zpomin =Gt 2mml<rtd Y (M - - s n)I ¢ jc(u + 27m)

j=1
2n.,...,n,;lu-l»2m§|<mrV(nl’ RS r)Hl<j<r(u + 27”?1)

PROOF. For |u| > rm, the numerator in (2.10) is zero. For |u| < rr, we may
follow the steps backward in the proofs of Lemmas 1.1 and 1.2 after noting
that |u + 2wn;| < rr implies that n; + / € 7 where / and 7 are given by (1.1)
and (14). O
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LEMMA 2.5. The following relations hold:
1, J|ul <rm,

r—1
(2.11) > uwQ, (u)=1{1, |u=rn
$=0 0, |u|l>rm,
and
(2.12)

0, —rmm—2mk<u<rmk<0, or

r=1 s —-rm<<ulrr—2vk, k>0,

2 (u + 27k) Q.. (u) = (- l)lkl"lr!

s=0Q -

[kt (r = |K])12°
|u + 27k| = rm, 0 < |k| < r, |u| < rr.

ProoF. The proof of (2.11) is evident from (2.10) and the fact that at the
exceptional points (¢ — r7)/2 an integer) the function @, is the average of
the left- and right-hand limits.

For k # 0, looking at the numerator in equation (2.12) and arguing as in
the proof of Lemma 1.1, we obtain

r—1
> (u+27k)’> uV(ny ... n)F(ny...,n,0,0,5...,0)

s=0
=§ D V(oo sn)F(ny .o nykyng g ... n)

=V(n,ny,...,m)V(u+2anf,...,u+2n)

where {m,...,n} is the set n,...,n in increasing order and
{n{,...,n"}istheset {n}, ..., n} with O replaced by k.

If —rr—-2nk<u<rmandk<0,or —rr<u<rr—2mkand k > 0,
then k appears twice in the set {n),...,n’} and the corresponding
Vandermonde is zero.

If uis such that rr < u + 27k < rm + 2@, k > 0, then the argument above
yields the ratio

("'l)k—lV(o, 1,...,r-—k—1,r—k+l,...,r—-1,,) _ (_l)k—lr!
V(O,l,...,r—l) (r_k)!k!.

Averaging as in the definition of Q, ,, we obtain the result for u = rr — 27k.
Similarly, if k < 0. [

3. Uniform couvergence. The convergence in Proposition 2.2 gives
immediately the uniform limit of the fundamental splines for cardinal
Hermite interpolation. Let
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F(0.,)0) =30 [ Qe

be the Fourier transform of the function @, ; then, by Proposition 2.2 and
Lemma 1.4,

THEOREM 3.1. The relation
Jim L), (x) = (-)'F(2,.)P()
holds uniformly in x for each integer p > 0.

In an effort to find the analog of Schoenberg’s theorem for uniform
convergence when interpolating the Fourier-Stieltjes transform of a measure,
the formal process of replacing each L,,,, . by its Fourier transform, passing
the sum through the integral, and then taking the limit suggests the following
definition.

DEFINITION 3.2. Let f(x) be defined by
r=1 (=i ’ re
G.1) fx)=2 (2,,) f.,, Qs (u)e™ d;~ (u)
where B, is the 2#-periodic extension of a bounded measure B, on [—, 7).

Equation (3.1) is informative because of the formal limiting process
outlined above, but it is also misleading until an application of Lemma 2.5
provides the “expected” result. Before we obtain the convergence result, we
need two lemmas which will ensure that the proper kind of data is being
interpolated.

LeMMA 3.3. The identity

lzz (u=-2al)Q (u-2al)=8, -n<u<m,
€

holds for eachk,k =0,1,...,r—1.

Proor. Because of the behaviour of H,,,,.(u) for |u| > rr, and the almost
uniform convergence of H,, . .(u) to Q. (u), it suffices to establish the
identity for H,,, . .(u).

Since the denominator of H,,,.(u) is independent of the translation
involved in the identity, we only need to consider H,,,, (,,(#)). Referring
directly to the definition of H, (a,,, (1)) as a Hankel determinant and letting
l = — i, the identity is obvious. []

LeMMA 3.4. If f(x) is defined by (3.1) and

5@ =5 [ e dp,(w)
then
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f(")(v)=j}(v), veEZ j=01,...,r—1
PRrROOF. Now
fO(x) =
S=

For x = », we break the integration over integrals of the form [2#/ — @, 27l
+ ), translate to [ — 7, ) using periodicity, and use Lemma 3.3 to obtain

'()

0

()(iuYe™ dp; (u).

r— iSHj (.
) = ;; : ( y o [0S - 2my, (- 2u0)
=5 O

For f € C""!(R), the cardinal Hermite spline interpolating f and its deri-
vatives will be denoted by £,,,(f,f,...,f" ")(x). The analogue of
Schoenberg’s theorem [16] follows.

THEOREM 3.5. If f(x) is given by (3.1), then the relation
’ r— )
im Com (f S - SO70) 7 (x) = fO(x)

m—o0o

holds uniformly in x on R for each integer p > 0.

Proor. Since the Cesaro means of the Fourier series of a bounded measure
are weak* convergent to the periodic extension of the measure (see [1] and
[13] where this was carried out for r = 1), we have

EQm,r(f’ f’, LECIRY ’f(r_l))(x)
(3-2) r—1 - l) + 00

s=0
since f¥)(») = f,(v) by Lemma 3.4. Therefore,

Eam ST ,f<'-'>)"”<x) - 1)
< L By ) = 0, B ()

s=0

Now, Lemma 1.4 and Proposition 2.2 show that the right-hand side tends to
zeroasm— +o00. []

Observe that for r = 1, Theorem 3.5 says that uniform convergence holds
for f(x) = (1 /2m)[" Oy o(u)e™ dB~(u), where Q,o(u) =1 for 0 < |u| < =,
Q,o(xm) =1, and Q, o(#) = 0 otherwise. Thus, if 8 has an atom at —,
then the formula automatically averages it at # and —« to compensate for
the sin 7x term of Schoenberg [16]. The next result shows that the situation is
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quite similar when r > 1 and the measure has support in [— r, rr).

THEOREM 3.6. If
(33) f() =5 f_"; e dB (u)

where B is a bounded measure with support in [ — rm, rr), then for an appropriate
constant C, the relation

dim €, (£ fs -+ S0P (x) =[ f(x) + C(sin 7x)]?

holds uniformly for x € R and any integer p > 0. Moreover, if 3 does not have
an atom at — rm, then C = 0.

PROOF. If B = B, *+ ¢d_,,, then by (2.11), (2.12) and (3.3),

(: [ e, (i) dp w)

10=3 G2

¢ m ixu
+z;f_me ds_,, (u)

= (-2—;)‘ f’:r e™Q, (u)(z i*(u + 27k)’ dB(u + 21rk))

k

L R

Hence, f(x) differs from a function of the form (3.1) by an additive term of
the form C (sin 7x)". The theorem follows from Theorem 3.5. []

The remainder of this section is based on [13], and, for brevity, we will refer
to the proofs therein whenever possible. We now consider a wider class of
functions by permitting power growth on R, but the convergence is weakened
to uniform convergence on bounded sets.

For any sequence y* = {y;} satisfying |y;| = O(|»|"), there is a 27-perio-
dic distribution T, whose Fourier series is
(3.4) T;"" = 2 y:ei"

vEZ
where the series converges in the sense of tempered distributions. The Fourier
transform of 7~ is given by
(.9) HT)= 2 08,

veZ

where 8, is point evaluation at », » € Z. The next theorem gives that the
cardinal Hermite spline interpolating data of power growth is the Fourier
transform of a tempered distribution (see equation (3.2) where the
distribution is a measure).
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THeOREM 3.7. Let (3% ...,y ") be an r-tuple of sequences with power
growth. Then

r—1

(3.6) omr(¥% -y (X)) = 20 (=) F(Homs T )(%)
S=

where T, is given by (3.4).

Proor. From equations (0.1), (0.2) and (3.5), the cardinal Hermite spline is
visibly given as a sum of convolutions,

r—1
?0 F(T) » g((—i)’HZMJJ)'

Since all the derivatives of H,,,,,(u) exist and have at most power growth, a
standard theorem from distribution theory provides the result (see [20, Chap-
ter30). O

When the data y; comes from the derivatives of certain functions of
exponential type rr with power growth on R, the first part of this section and
the results in [13] suggest some convergence results. However, there are
pitfalls to avoid. First, the functions Q, ;(u) are not necessarily continuous at
2m; + m,j=0,1,...,r much less smooth. Secondly, the distributions can
be thought of as (generalized) derivatives and the derivatives of H,,, , () do
not behave nicely at 2my; + 7,j=0,1,...,r. With this in mind, let
Ty . . ., T,_, be distributions with support in (—, 7) if r is odd or support
in (0, 27) if r is even. Let Tg~,..., T,=, be their respective 2z-periodic
extensions. Following (3.1), define

r—1
(3.7 f(x) = go (='%(Q., T, )(x).

Because of Lemma 3.3 (see [23, Chapter 11]), we again obtain

fO@) = &(T,)().
The method of proof for Theorem 2.2 [13] together with Proposition 2.2 and
2.3 and the fact that Q, (u) is smooth on the supports of 7.~ yield the
following result.

THEOREM 3.8. Let f(x) be as defined in (3.7) with the supports of T, contained
in (—m, m) if ris odd or in (0, 27) if r is even. Then, forp =0, 1,2, ...,

m (€, (f, S - - - SO0)O(x) = fO(x)] = 0

m—o0

holds uniformly on bounded subsets of R.

4. P ®---®, 7 data, 1 < p < oo. This section contains results
analogous to those produced in [6]. Since the methods of proof are similar, we
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shall usually only indicate how the results from §1 can be employed.

The first lemma shows that the fundamental spline functions are uniformly
dominated by an L?-function, so that the convergence of Theorem 3.1 is also
inL?(1<p< x)

LeMMA 4.1. The fundamental splines satisfy
|LE),.o(x)] = O(min(1, |x|7")), m— +oo,
foreachp,p=0,1,...,r—1.

Proor. The boundedness follows from Lemma 1.4 since

l + oo
L8] < 9 [ 1P| ()] da = O(1)

as m— +co0. On the other hand, integration by parts and Lemma 1.5
combine to give

|Los(x)] =

asm— +oc0. [J

The above suggests that the cardinal Hermite spline interpolation opera-
tors, £,,,,, as mappings from /? @ - - - @, I? to WP ~'(R) should converge.
We first find a uniform bound for their norms.

+o00
g [ e a4 = 01,

THEOREM 4.2. The linear operator £,,,, , defined ony = {y,} € IP(Z) by
E’Zm,r,sy(x) = 2 vaZm,r,:(x - p)
veEZ
is a bounded linear operator from I?(Z) to W' ~'(R), 1 < p < oo, with norm
bounded independently of m.

ProOF. The proof is essentially the same as the proof of Theorem 3.1 in [6].
Indeed, for a finite sequence y and for a function of compact support
g € L”(R), 1/p + 1/p’ = 1, the Fourier transform representation of L,,,,,,
Lemmas 1.4, 1.5 and 4.1, and the arguments cited above yield

" (Bampay (%)) () dx
n

= O(1)(1 + |5C1,Var(uHy,,,,, ()Yl ]l
= 0“)")’”1!"3"1." asm-— + oo,

where ||J(||, is the norm of the mixed Hilbert transform from /”(Z) to L?(R).
Thus,

"E'Zm,r.sy(x)”y,r—l < O(I)Hyllln m— 0. D
By the triangle inequality, we obtain immediately
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THEOREM 4.3. The operator £,,, is a bounded linear operator from I°
@---®,I7to W 'R), 1< p < + 0, with norm bounded independently of

m.

The convergence Theorems 3.1 and 3.5 suggest the following operator
which may be viewed as a generalization of the Whittaker cardinal series
employed in [6].

DEFINITION 4.4. Let W, be definedon # @ - - - ©, IP by

r—1 '
W (5% .y ) = 20 Z:z ¥y (=iyF(2.)(x = »).

S=

An argument similar to the proof of Theorem 4.2 shows that the series
converges in W”*~!(R) and that the operator W, is a bounded linear operator
fromP @ .- @, P to WP \R),1 <p < 0.

THEOREM 4.5. The relation
hm IIEQm,r(yo’ LI ’y’_l) - er(yo’ M ’yr-l)"p,r—l = 0

m—o0

holds for each (%, ...,y" Delr®--- 8,1, 1<p < .

ProoF. This is similar to the proof of Theorem 3.3 in [6]. First, observe that
by the triangle inequality we need only investigate each

Comrsy* (x) = Ez Y5 (=) F(Q,)(x — 7)

’

p,r—1
s=0,1,...,r — 1. The proof is completed by using Theorem 3.1, Lemma
4.1, Theorem 4.2, and the proof cited above. [J

A characterization of those functions in W?"~}(R) which are the limits of
cardinal Hermite splines would follow from a characterization of the
functions W,(y° ..., y"""). In order to do this we must carry over to W, a
result of Whittaker [21, p. 68] for the cardinal series.

ProrosimioN 4.6. If Z,.|y,)/v| < +0,5=0,1,...,r— 1, then the
series W,(°, ...,y "~ ")(x) is (C, 1) summable to a function of the form

r—1 (-— i)" rr A
@1 160=2 = [7 0. dmw)

where f, € C(X,), X, = [—, 7) if r is odd or X, = [0, 27) if r is even, and f;~
is its 2w-periodic extension .

ProOF. Consult [21, pp. 65-68] for the basis of this proof. Since =,.0]y; /7|
< + oo, there are functions f, € C(X,) such that

3=L ivu = -
y’ 27r j‘x'e d‘f:(u), s 0, l,...," l.
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Now

- 7 Qe d )

- (;'rlr) fx 2 0, (u+ 2ak)e W+ 2m) gf (u).

4.2)

By the choice of X, the function under the integral is continuous, 2#-periodic
and of bounded variation in the variable u. Consider the Fourier coefficients
of this function,
) ix(u+2mk) i
Ix\u 3. { -—wu
> fx ' ,EZ 0, (u + 27k)e e du

—i o
( 277) f—m Qm(u)ei(x—v)u du
= (—=i)’%(Q,;)(x — »).

Since the Cesaro means are of uniformly bounded variation [23, page 138],
the arguments in Whittaker [21, pages 67-68] give that the series
2,ez ) (—iy9(Q,,)Xx — »)is (C, 1) summable to the function in (4.2). Com-
bining these arguments for each s, s =0, 1,...,r — 1, we obtain the result. O

By Holder’s inequality for sequences, if y° € I?, 1 < p < oo, then the
condition in Proposition 4.6 holds. This leads to the following
characterization theorem.

THEOREM 4.7. The following classes of functions are equivalent for 1 < p <
+00:

@) WP~ '®R) N (f: f(x) of the form (4.1)},

) {f: f) = W,00% ...,y N, 0% ...,y HEPS .- - B, 1),

(i) {f: fx) = WP~ —lim £, (% ...,y N, O EDR
O -0,

PRroOOF. The equivalence of (ii) and (iii) is Theorem 4.5. The containment of
class (ii) in class (i) follows from Proposition 4.6. Finally, the containment of
class (i) in class (ii) can be argued as in [7]. [J

5. Examples. Special attention has previously been given to the cardinal
spline interpolant of (]A|e/)* (see [15, Lecture 3]). S. L. Lee [2] initiated a
similar study for the cardinal Hermite spline interpolants, the so-called
exponential Hermite Euler splines. For [\| = 1and —rr < 7 < rm,

(5.1) e =7 et as, (u),

where 8 (u) is point evaluation at u = 7. This clearly falls under our
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discussion in §3. Thus, the cardinal Hermite splines interpolating e and its
derivatives to order r — 1 converge uniformly on R to the function ™.

Below we give the limit functions Q, (u) together with their Fourier
transforms for r = 1, 2, 3 and 4. It is interesting to note that discontinuities
interior to the support can appear even when s = 0.

Recall that O, .(u) = 0 if |u| > rr and that we assign the average value at
2o+ mm=j—(r+1)/2(G=01,...,n.

r=2m={-3 73}
Qy0(u) = 27 — |u|)/2m, Q,,(u) = (sgn u)/2m,

F(Q20)(x) = (sin mx/mx)ls (—i)F(Qy, (x)) = sin'mx/mx;
r=3,17={-10,1}:

(u + 37)%/2 -3r<u<m,
My(u) =1 [(u+37) =3(u+7)]/2, -m<u<m
(37 — w)?/2, 7 < u<3m,

Qs0(u) = 2m) > M; (u) — g M7 (u),

Q31 (4) = —(2m) M3 (), Q52 (v) = (2m) *M3 (u)/2,
F(Qs0)(x) = (sin mx/7x)’[ 1 + 7%x?/2],
(—)%(Q5,1)(x) = (sin "’x/”x)sx’
(—i)*5(232)(x) = (sin mx/7mx)’(x?/2);

redn=(-5 513

’(u + 411)3/6, —47 € u < =27,
My () = [(u+4n) = 4(u + 20)°]/6, —2w <u <O,
[@7 — w)’ - 427 - w)’]/6, 0<u<2m,

(47 - u)’/6, 27 < u < 4n,

Quo () = (2m) M (u) — ¢ M{ (w)(2m) ",

Qu (1) = —(2m) M (u) + (2m) ™ § My (),

Q2 (1) = 2m) MY ()/2, Q43 (w) = —(2m) > M;"(w)/6,
F(Qa0)(x) = (sin mx/mx)*[1 + 22%%/3],
(—)F(Q4,)(x) = (sin mx/ax)*[ x + 27%3/3],
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(= i)'F(Qa2)(¥) = (sin 7x/7x)"(x*/2),
(=i F(Q43)(x) = (sin mx/mx) (x*/6).
Notice that the functions M, (u) are B-splines on intervals of length 2.

1.0

0.5

Qy 5(v) ol Q,1(v)

Q, ,(v)
90 T Z
-4' 1 -21' \ i .002 1 1 n —

=01
Q‘lz ‘U) Ond Q"s (U)



CARDINAL HERMITE SPLINE INTERPOLATION 243

1.0

0.5-
Q4'o (U) and QA,I(U)
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